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SUMMARY

Asymptotic expressions are obtained for the refraction, reflection and modulation of long waves progressing
over water of variable depth when the rate of depth variation is small compared with the wavelength. The
two- and three-dimensional cases are treated.

Introduction

When long waves progress over water of variable depth they are transformed under the
influence of the bottom features: the wave crests are retarded over regions of shallower
water and they advance over deeper water. As a result, the waves change direction and are
bent in such a manner that they tend to assume the shape of the depth contours [1]. This
effect is called wave refraction by oceanographers. If the bottom is two-dimensional, as
in the case of long waves propagating down a canal, an analogous phenomenon occurs:
the waves, in general, decompose into reflected and transmitted components each of which
undergoes a modulation in amplitude, wave number and phase. An important problem for
applications, as well as an interesting one mathematically, is to obtain explicit expressions
for these phenomena when the depth varies in a general way. This problem, when formu-
lated in terms of the exact linear theory of water waves, has proved difficult to solve, and,
hence, researchers have relied on various approximate methods.

The purpose of the present article is to present a method of solution which leads to ex-
plicit asymptotic expressions for the refraction, reflection, and modulation of long waves
when the rate of variation of the bottom elevation is small compared with the wavelength.
In obtaining these results, the bottom surface is assumed to satisfy certain integrability and
differentiability conditions but is otherwise unrestricted in shape.

For the two-dimensional problem we find that the reflection coefficient diminishes as
the smoothness of the bottom profile increases. The solution of the two-dimensional prob-
lem remains valid when the rate of variation of the bottom elevation is of the order of
magnitude of the wavelength, and, in fact, our reflection coefficient includes a result of
Kreisel [2] for a non-slowly-varying bottom profile. In addition, we find that the phase
shift, amplitude, and wave number depend not only on the bottom elevation but on all
of the derivatives of the bottom elevation as well. As a result, our expression for the phase
shift of the transmitted wave, in the case of no reflection, includes and extends the result
obtained from the ray theory (described below) when the latter is applied to shallow water.

For the three-dimensional problem we obtain an asymptotic expression, valid for small
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variation rate of the bottom elevation, which explicitly exhibits the dependence of the wave
phase on the bottom elevation assuming that the latter is twice continuously differentiable
in the direction perpendicular to that of the incoming wave, that it has an integrable de-
rivative in the propagation direction, and that it is flat outside a compact region. The
method will yield the dependence of the wave phase on the derivatives of the bottom ele-
vation if the bottom is assumed to be smoother than this.

The problem of determining the reflection and modulation of waves over a general two-
dimensional bottom profile has been approached in several different ways. The most diffi-
cult of these is to attempt a true solution of the exact linear equations of water waves.
Kreisel [2], for example, has used conformal mapping to reduce the problem to a linear
integral equation and to thus obtain estimates on the reflection coefficient. The estimates
grow more precise in the limit as the wavelength grows large with respect to the depth, i.e.,
for shallow water. A second approach utilizes the approximate “shallow-water”” equations
of water waves. Here also the main results have concerned reflection. Using a theory of
Bremmer [3], Kajiura [4] has determined an approximate reflection coefficient due to a
shelf when the transition between the two levels of the shelf is gradual. A third method is
the “ray” method (Keller [5], Sverdrup and Munk [6]), in which one obtains a formal
asymptotic solution to the exact linear equation which is assumed to be asymptotic to the
true solution when the variation rate of the bottom elevation is small compared with the
depth and with the wave-length. This method leads to the determination of the local am-
plitude, wave number, and phase of a progressing wave. It can also be used to determine
the reflected wave, but not in a straightforward manner. It has therefore found special ap-
plication when reflection is negligible, e.g., in the study of waves approaching a beach. The
ray method has been extended to the non-linear equations of water-waves by Shen and
Keller [7] (see also Chu and Mei [8]). When the bottom is three-dimensional, the only
method that seems to have been employed is the ray method.

The distinguishing feature of the present approach is the way in which the magnitude of
the bottom elevation, D, is defined in terms of the depth and the variation rate of the
bottom elevation [cf. 7a, b)]. This assumption enables one to obtain an approximate prob-
lem which is linearized about a flat bottom and thus admits an explicit solution.

The present treatment also differs as regards the introduction of the shallow water, or
long wave, approximation. In the linear shallow water theory of water waves (Stoker [9])
the shallow water approximation is already embodied in the basic equations of motion;
here, we solve an approximate form of the exact linear equation, valid for small D, in which
the potential equation is retained and only in the steady-state solution is the shallow-
water approximation made [cf. 19a, b)]. '

The steady-state surface shape is most conveniently obtained by following an approach
to steady-state water-wave problems used by, e.g., Stoker [9]. According to this approach,
one formulates an appropriate initial-value problem whose solution yields, when the time
is allowed to go to infinity, the desired steady-state solution. This obviates the need to
prescribe radiation conditions on an a-priori unknown steady-state solution. To apply
this method to the present problem, we take a bottom which is initially flat but quickly as-
sumes its final varying shape. This enables one to use, as an initial wave, the simple, well-
known progressing-wave solution over a flat bottom [cf. 3a, b)]. For large time the tran-
sient effect due to the “creation” of the variable bottom decays and one is left with the
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steady-state solution. It should be mentioned that, in other contexts, such initial-value
formulations have been used to generate transient wave motions which are themselves the
primary objects of study, e.g., tsunamis (Carrier [10]). After taking the shallow-water limit
in the steady-state solution, one is left with an expression for the surface shape which is
independent of depth but which depends on the variation rate of the bottom elevation, g.
This expression is evaluated asymptotically for small . In two dimensions this evaluation
is accomplished simply by integrating by parts. In three dimensions, however, the method
of stationary phase for multiple integrals [11] must be employed.

PART A. FORMULATION OF THE PROBLEM AND DESCRIPTION OF THE
APPROXIMATION SCHEME

A-1. Formulation of the problem

We shall consider a particular infinitesimal, irrotational, three-dimensional wave motion,
which we will presently specify, existing in an inviscid, incompressible liquid bounded above
by the free surface y = #(X, Z, t)and below by thesurface y(X, Z, f) = —h + Dy(mX, mZ)a(t)
where X and Z are horizontal coordinates and y the vertical coordinate. We assume that
p(x, z) and y,(x, z) admit a Fourier transformation with respect to x and z. The function
a(t) is assumed to be continuously differentiable and is defined by the formula:

) 0. 120, ‘) =0 1
al) = 1, t2a>0, @) 2. M

The function a(f) serves to transform, in the time interval [0, a], the originally flat bottom
y = —hinto arigid one whose elevation varies with X and Z. The constant m characterizes
the spatial variation rate of the bottom elevation and the constant D gives the magnitude
of the bottom elevation for ¢t = «. Their orders of magnitude are precisely defined in Sec-
tion A-II below.

Under the above assumptions, any motion is described by a velocity potential function
d(X, y, Z, t) satisfying the exact linear system [9]:

Pyx + Dy + Pz =0, —h-+Dya=<y=<0, —-—w0<t<ow; (2a)
G+ 96, =0, p=0, —o0<I<o0; (2b)
¢y - mDayx¢X - mDa’YZ¢Z — Da"y = 0’ y = —h + D,ya’ —o0 <1< 0. (2C)

To uniquely specify the motion that we shall consider, we assume that for t < 0 it is
given by the following particular solution of (2a-¢):

®(X, y, Z, 1) = (Cg/o) cosh[M(y + W] expliMX — at)], <0, (3a)
where
6% = gM tanh Mh. (3b)
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The potential (3a, b) represents a wave progressing in the positive X direction over the flat
bottom y = —#A with the surface shape

(X, Z, 1) = iC cosh(Mh) exp[i(MX — o1)] (4a)
or, taking the real part,
n(X, Z, t) = —Ccosh(MAh) sin(MX — ot). (4b)

We are primarily interested in investigating the steady state progressing wave motion
that is established after the transient motion due to the creation of the varying rigid bottom
has decayed. For this purpose we formulate an initial value problem for ¢t = 0 by ad-
joining to (2a—c) the following initial conditions obtained from (3a)

(X, y, Z,0) = (Cg/o) cosh[M(y + W] exp(iMX), —h=y=0; (52)

(X, y, Z,0) = —iCg cosh[M(y + )] exp(iMX), —-h=y=0. (5b)
A-TL. Description of the approximation scheme — Approximation for small bottom elevation

Our goal is to obtain an explicit solution of the initial value problem (2a-c), (5a, b). The
two difficulties preventing this are, first, that the unknown functions @y and @, occur in
(2¢) multiplied by the functions y, and y, and, secondly, that (2c) is not linearized about
y = —h. We overcome these by replacing (2a-c) by an approximate system obtained by
suitably defining the orders of magnitude of the initial depth, %, the initial wave amplitude,
the rate of variation of the bottom elevation, and the bottom elevation, D. As the refer-
ence quantity we use the initial wave number, M, which we take to be of order O(1).

To characterize these quantities we introduce the following parameters which are as-
sumed to lie in the interval (0, 1):

quantity parameter definition
initial depth 0 3 = (Mh)* (6a)
initial wave amplitude £ e=CM (6b)

ratio of initial wave
ampl. to initial depth p p = Clh = ¢g/6* (6¢)

spatial variation rate
of bottom elevation B B =m/M, y.(x, 2), pAx, z) = O(1) (6d)

In addition, we assume that the magnitude, D, of the bottom elevation is related to f
and ¢ in the following way:

D = p5*/M; (Ta) D = p*6*M; y(x,2) = O(1) (7b)

where (7a) will be used in the two dimensional problem of Part B in which y is independent
of Z,i.e. y = y(mX), and (7b) will be used in the three dimensional problem of Part C.
Assumption (7a), (7b) implies that the ratio of the area (volume) under the curve
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Long waves over water of slowly varying depth 101

y = DymX), — < X < oo, (surface y = Dy(mX, mZ), —w0 < X, Z < o) to the ini-
tial depth is independent of 8 and §. This follows from the easily verified formulas:

o]

At on DymX)dX = (I/M)J y(x)dx,

— o0 — o

Rt J‘“’ jm Dy(mX, mZYdX dZ = (1/M2)J‘w fm ¥(5, 2)dd.

all® ) —®

We now describe briefly the approximation scheme and the series of asymptotic limiting
processes that will be employed in the present treatment. We begin by assuming that the
solution, @, of (2a—c), (5a, b) can be expressed as a power series in the parameter D. Sub-
stituting this series into (2a-c), (5a, b), one arrives at an initial value problem which is ex-
plicitly solvable. Carrying out the solution, we obtain an expression for the surface shape.
We then take the limit as t — o0 the transient motion dies out and one is left with the
steady state surface shape. In the latter expression we take the limit as § — 0; more pre-
cisely, we take é to be much smaller than §. The resulting expression turns out to be inde-
pendent of 6 and we study its asymptotic properties with respect to f.

We remark that when § is small p must also be taken small. This is necessary in order
that the linearized surface condition {2b) remain a good approximation to the original non-
linear surface conditions:

gn+ D, +HP; + P+ 0H =0, y=n, (82)
Dty + Ptz + 41, =D, y=1. (8b)

One can show this, following Peregrine [12], by substituting (3a), (4a) into (8a, b). In (8a),
for example, the first two terms will be of order ¢ and, since ¢ is of order § [cf. (3b)] the
remaining, non-linear, terms will be of order £2/§%. Thus, to neglect the latter with respect
to the former, one needs p < 1. Accordingly, in what follows, we take p to be a sufficiently
small but fixed parameter,

The parameter D can be thought of as characterizing the magnitude of the disturbance
acting on the initial progressing wave for t = a. Accordingly, it is natural to express the
solution of (2a—c), (5a, b) as a formal power series in D of the form:

(X, y, Z, 1) = (Cg/o) cosh[M(y + W}exp[iMX — ot)] + ED"!//(")(X, »Z,0. ©
1

If one substitutes (9) into (5a, b), (2a—c), one obtains:

@

S DWX,y,2,00=0, —h+ Dya<y<0; (10a)
1

> DYWM(X,y,Z,00=0, —h+Dya<y<0; (10b)
1

SDYR+EDYR + DY) =0, —h+Dya<y<0; (10c)
1 1 1
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102 J. Harband
%OD" D4y .%; DY =0, y=0; (10d)
(CgM/a) sinh (M Dya) exp [i(MX — a1)] + % DX, —h + Dya, Z, 1)

— mDy, a{(iCgM/[o)cosh(MDya)exp[i(MX — ot)] + ,;_j‘, DX, ~h + Dya, Z,1)}

—~mDy,ay DWW (X, -h + Dya, Z,t) — Da'y = 0. (10e)
1

In (10e) we expand each term in powers of D as well as expanding ¢/, ¢{”, and y3” with
respect to the second variable about y = —h. If in the resulting expression one equates
the coefficients of like powers of D, one obtains a sequence of initial value problems for
the ™ each of which is linearized about y = —#. We shall treat only the first order prob-

lem. Setting " =  and

G=y—ifys, (1D
the first order problem becomes:

VX, 5, 2,0) =y,(X,»2,00=0, —-h=y=0; (12a)

Yax ¥y +¥z22=0, —h<y<0; (12b)

Ve T 99, =0, »=0; (12¢)

Y, =ya' — (egMGajo)exp[iMX — at)], y= —h. (12d)

PART B. THE TWO-DIMENSIONAL PROBLEM
B-1. Solution of the initial-value problem

In this part we assume that y is independent of z: y, = 0 for all x, z. Physically, this means
that the level lines of the initial surface wave lie over level lines of the bottom elevation.
Accordingly, we assume that the solution ¥ of (12a-d) has no z-dependence; its deriva-
tives with respect to z are assumed to vanish.

In order to obtain a solution of (12a~d) we utilize the Fourier transformation with re-
spect to X:

ey 0 = Cm f WX, 3, e,

The initial value problem (12a-d) then becomes

(& »0=0(£0=0 —-h<y=<0 (13a)
-y +9,=0, —-hZy=0; (13b)
Vo +99,=0, y=0; (13c)
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¥, = 7@’ — (egMa/o) exp(—iot)G(mX) exp(MX), y= —h. (13d)
From (13b),
Y&y, 1) = A, t)cosh &y + B, t)sinh &y, —h=y=0. (14

Substituting (14) into (13c, d) and eliminating B, one gets an ordinary differential equation
for A in the variable #:

Ay, + (g tanh Eh)A

= [—gya’ + (eg*Ma/o) exp(—iot)G(mX) exp(iMX)]/cosh &, t > 0. (15a)
From (13a) and (14) one deduces the initial conditions
A, 0) = A&, 0) = 0. (15b)
Denoting k(&) = (g¢ tanh &h), the initial value problem (15a, b) has the solution

[ kT sinfk(t ~ )]
A, 1) = L cosh ¢h

x {—gya'(t) + (eg*’Ma/c) exp(—iot)G(mX) exp(iMX)} dt'.

We integrate by parts with the first term in brackets using (1) to obtain

X

g7

AG D=~ cosh &h

{k‘l sin [&(t — )] + J'

0

cos[k(t — tHla(t') dt’}

(eg*M|0)G(mX) exp (iM X)
* cosh &h

x f e Tsin [k(t — t)] exp(~iot )a(t))dt .

0

We now take a in (1) to be of the order of magnitude of the quantities that we have here-
tofore neglected and write

g7k 1 sin kt
A, =— 97 20T
&0 cosh &h
M/g)G(mX) iMX) (*
4 CoMIDG) eDMX) 7)1 e = ) exp(— oy, (16)
cosh &h 0

To evaluate the transform of a product which appears in {16) we make use of the convo-
lution theorem in the form

(2m)tfg = f+g.

Thus

G(mX) exp(iMX) = (2n)“%f J G(mX"e ¥¥ gx’ J MY = iE X" gxm g

-0
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or, letting mX’' = x', & = mp, mX" = —x", one has
[ee]

G(mX) exp(iMX) = m~*(2m)* J j G(x"ye ™~ dx’' f e "Bl G MMl gy dp,

- o0

Interchanging the order of integration and applying the Fourier integral theorem one fi-
nally obtains

[e9)

G(mX) exp(iMX) = m™*(2m)~* j G(x')e ™ E=30/m o

- 0

é/M—l]
— |

Inserting this into (16) and carrying out the ¢’ integial, one finds

=m ' GXIE — M)/m] = m'é‘@[

gy(mXk ™ sinkt
cosh ¢h

&M —1"
£g*G(x) [é/_ﬁﬁJ oot ok o ikt
Bo cosh &h {_ Pk kG ik | 2k — k)}'

A(&, 1) =

The surface pattern is then given by, [cf. (14)]

" y(mX)cos kt
cosh ¢h

w2

ieg
n)*fo | _ ., cosh &h

o it ikt — ikt _
X Z - © - ° e X de.
o —k 2(e + k) 2(0 — k)

n(X, )= Qm~* J X ae

—

Going over to the variable { = &k and setting T = (g/h)*t, one obtains

©  y(mX) cos[({ tanh {)* T}

eiCX/h dc
cosh {

X, t) = h“1(2n)“%J‘

— 0

—_ [ {/Mh — 1 }
. 1 G(X) s 1 —igt
_ de(g/h)* (7 B (hlg)=ce
(2r)*Bo ) _ o, cosh { Mhtanh Mh — {tanh{
GG tann T

" 2[(Mhtanh Mh)t + ({ tanh {)?]

—i k3
e i(§ tanh )T

~ 2[(Mhtanh MAh)* — ({ tanh )?]

} e Xt . (17)
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Formula (17) gives the surface shape corresponding to the solution of the initial-value
problem (12a-d).

B-II. Determination of the steady-state motion — Approximation for shallow water

One determines the steady-state wave motion by evaluating the {imit of (X, ) in (17) as
T — o0. We first define the function (£ tanh {)* as an analytic function in the neighborhood
of the real axis by the formula ({ tanh {)* = {(tanh {/{)*. Since it is strictly increasing on
the real axis one can apply the Riemann-Lebesgue lemma directly to the first integral in
(17) to deduce that it is of order O(T ™1} as T — co for fixed X. To evaluate the limit in
the second integral, we bring it throngh the brackets, deforming the path above the sin-
gularity { = —M# and below the singularity { = M#h [cf. (21a)]. Integrating on this de-
formed path, C, insures that the contributions of the second and third terms in brackets
go to zero for large T. In fact, one can return to a straight path through { = M# in the
integral with the second term in brackets and then on the straight sections of the resulting
path, the integral with the second term is of order O(T ™) and of negative exponential
order on the deformed section above { = — M# since there Im[({ tanh {)*] > 0. The in-
tegral with the third term in brackets exhibits similar behavior and, therefore, for large T
one is left with the steady-state term:

— [ {Mh—17] .,
. G itX/h
ise " ) l: B ]e
(2n)*g | Mhtanh(MH) cosh { — {sinh{
We now make the assumption that the water is shallow compared with the wavelength

of the initial wave and moreover we assume that the depth is negligible compared with the
variation rate of the bottom elevation:

H(Xs t) =

(18)

5<l1, &<§p. (19a, b)
To carry out the integral in (18) one needs to know the roots of the equation

{tanh { = Mhtanh Mh. (20)

Eq. (20) has real and pure imaginary roots and no others. We evaluate them taking into
account (19a). Letting { = A + iu, one obtains for the real roots

{ = + Mh. (21a)
The pure imaginary roots satisfy the equation

utanyu = —Mhtanh Mh
and are

{=+tinm, n=1,23,.... (21b)
The derivative of the denominator in (18),

SO = Mhtanh(MFE)cosh { — sinh ¢,
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at the above roots has the values
f'(£Mh) = F2Mh, (22)
fi(tinm) = F(—Dinn, n=1,2,3,.... (23)
Letting X = x/m, we write (18) in the form

0 G(X') eix’/[} eig(xAX')/Mh[}
J - (9]

nx,t = (2niﬁ)_18e_i”’J dc. (24)

C

For x > x’, we form a closed path of { integration, C,, by adding to the part of C for
which [Re(?)] £ R > 0, the semicircular segment { = Re”, 0 < 0 £ n. As R — o the
integral on the semicircular segment goes to zero and one can thus evaluate (24) by the
residue theorem. For x < x’, one adds the segment { = Re,” —z < 8 < 0. If one uses
(21a, b), (22), (23), the result is:

X

N, 1) = pige™ j Gx)e

-0

ei(.vc—.vc’)/ﬂ ) e-—mz(x—x’)/Mhﬂ
. + dax’'
{ —2Mh 21: —i(—1)'nzn }

o :
_ B—lae—iatj G(x/)eix'/ﬂ

X

+2

e“i(x—x')/ﬂ ) em!(-‘c—x’)/l\lhﬂ ,
2Mh T (= 1)'nn

Setting x = mX, and using (6a), (6d), (7a), one has

mX

nX,t) = —2D) 'Cexp[i(MX — at)]J\ G(x")dx'

-0

®©

— (2D)"!Cexp[—i(MX + az)]j G(x")e* ™ P dx’

mX

mX w©
G(xX) X (—1D)"(nm) " exp[—nn(mX — x)/MhB + ix'|fldx
1

— a0

+ (iC8*/D)e ™ j

@x

+ (iC8?/Dye i f G(x') § (— 1)"(nm)~ ! exp [nn(mX — x")/MhB + ix’|B]dx’.

mX
The first two terms are of order O(eD ™) and the last two are of order O[e6%(c™™* + 65D 1].
To see the latter, one subdivides the interval of integration in, for example, the third term
into two at the point x' = mX — 8% and applies straightforward integral estimates. We
neglect the last two terms with respect to the first two by virtue of (19a). Using (9) and (11)
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one finally obtains the steady-state shallow-water surface shape corresponding to the so-
lution of (2a-c), (5a, b):

mX

n(X,1)/C = exp[i(MX — at)] {i - (1/2)J (x) — iﬁv'(X)]dX}

—

[ee]

— (1/2) exp[-i(MX + Gt)]f [¥(x) — ify'(x)] exp(2ix/B)dx. (25)

mX

B-IIT Properties of the steady-state motien

The expression (25) gives a decomposition of the steady state surface shape into forward
and backward progressing waves whose amplitude and phase exhibit a slow spatial modu-
lation due to the variation in depth. Since the forward wave coincides with the wave (4a)
at X = —co and the amplitude of the backward wave vanishes at X = co, we shall inter-
pret (4a) as an incoming wave (from X = — o), the forward wave as a transmitted wave,
and the backward wave as a reflected wave.

Reflection coefficient

At this point our only assumptions on y{x) have been that y and y’ exist and are absolutely
integrable. We now study the magnitude of the reflected wave in (25) when the Nth deriva-
tive, yM(x), N = 0, exists and is piecewise continuous with at most jump discontinuities.
We find that, when S is small, the main contribution to the reflection coefficient comes
from the jumps in Y™ and, moreover, that for all # < 1 the magnitude of the reflection
cocfficient decreases as N — co. In fact, we show that when y € C_, and of compact support
then there is no reflection whatsoever.

We first investigate the reflection when the bottom profile is piecewise continuous. Let
y(x) have a jump discontinuity at x = x, with the magnitude Jy(x,) = y(x, + 0) —
— 7(xo — 0). Assuming that y" is bounded on (— o0, x,] and [x,, o0), we set X < X, and
integrate by parts in the second term of (25) obtaining

mX

—

(X, /C = exp[i(MX — ot)] {i — (I/Z)J y(x)dx}

[ee]

+ (1/2)exp[—i(MX + a1)] {J

mX

y(x)expix/B)dx — iBJo(x,) exp (2iIM X O)}. (26)

Following Kreisel [2] we define the left-hand reflection coefficient as the ratio of the ab-
solute values of reflected-to incoming-wave amplitudes at X = —oo:

R = (1/2) J‘” y(x) exp2ix/Bydx — ifJy(x,) exp(QiM X ). 27N

Formula (27) includes a result of Kreisel [2]. By a quite different method he has obtained
the following reflection coefficient for reflection of waves of wave number M by the con-
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tinuous, non-slowly-varying bottom profile y = —#4 + Dy(X) in the limit as Mh — 0O:

Ry = (DM/h)

f (X)) exp(2IMX)dX|. 27) |

—

Formula (27) is, in fact, a special case of (27) since it is obtained from the latter by setting
m =1, Jy(x,) = 0.

We now investigate the consequences of taking f to be small. We first show that, then,
the main contribution to R in (27) will arise from the discontinuity in y. To see this, we
integrate by parts in (27), obtaining

[co

R = (B]4) | Jo(x0) exp(2iM X ) — j 7'(x) exp (2ix/f) dx

or, applying the Riemann-Lebesgue lemma to the integral, one gets
R = (B4 o(xo) exp(2IM X o) + O(B)].

This result is a particular case of the following general theorem according to which a
bottom profile with a jump discontinuity in the Nth derivative will give rise to a reflected
wave of magnitude O[(8/2)V '] = OL(D/2h)(B/2)"].

Theorem 1. Let Y™(x), N = 0, exist and be continuous except for a jump discontinuity at
x = x, with the magnitude Jy(x,) = yV(xo + 0) — Y™ (xy — 0), and let y(x), 0 £ n <
< N + 1, exist and be absolutely integrable. Then the reflected wave in (25) has a reflection
coefficient given by

Ry = 3B/ 1T n(x0) exp(2iM X ) + O(B)|.

Proof: The case N = 0is shown above. For N > 0, we take J,(x,) = 01in (26), set X <X,
and integrate repeatedly by parts obtaining

mX N
(X, 9/C = exp[i(MX — a1)] {i - (1/2)f y(x)dx + (1/2) EO (iﬁ/2)"“?(")(mX)}

+ exp[—i(MX + o)](1/2)(B/2)" [V (o) exp (2iM X o) + O(B)],
from which the result follows.
Transmitted wave—phase shift and local wave number

We now investigate the properties of the transmitted wave in (25). In particular, we obtain
expressions for the phase shift and the local wave number. We compare them with those
predicted by the ray theory for the purpose of determining the region of validity of that
theory, applied to the present problem, in terms of the parameter f.

A comparison with the ray theory is most easily made if y is chosen in such a way that
there is no reflection. According to Theorem 1 this will be guaranteed by taking ye C,
and of compact support. The transmitted wave then takes the real form
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=X, H/C = [1 + (/2) £ (= D"(B/2y*"y*"(mX)] sin(MX — o1)
0

+ (1/2) Um y(x)dx + (ﬁ/2)2gl(—l)"(ﬂ/Z)Z"v(z"“)(mX)} cos(MX —o1)  (28)
0

- o

where the derivatives of y are assumed be such that the series are convergent.
If (28) is brought into the form

—7(X, 1)/C = a(mX) sin[MX — ot + p(mX)], (29)

then p(mX) represents the phase shift in the transmitted wave from — oo to X; it can be
calculated in terms of § to any desired accuracy. The leading term is

mX

pimX) = (1/2)j y(X)dx + O(B?). (30)

— 0

a(mX) is the local amplitude and can also be calculated to any desired accuracy.

The spatial variation in the phase is associated with a corresponding variation in the
wave number. This “local” wave number k is defined to be the partial derivative with re-
spect to X of the argument of the sine function in (29), i.e. k(mX) = M + mp'(mX) or,
from (30),

k(mX) = M[1 + (B/2)y(mX) + O(F*)]. €29

One notes that if the bottom elevation is sufficiently slowly varying, that is neglecting
O(f*), the wave number is determined by the bottom elevation alone and is not influenced
by its derivatives. This important fact is used as the basis for the ray theory. More pre-
cisely, the ray theory rests on the assumption that, if the bottom elevation is sufficiently
slowly varying, the local wave number can be defined with sufficient accuracy by (3b) con-
sidering M and 4 to be variable. For shallow water, (19a), this wave number is given by

k(mX) = M/[1 — Dy(mX)/h]L = M/[1 — By(mX)]%. (32)

The result (31) enables one to verify this assumption and, moreover, to calculate the error
incurred in using (32). In fact, comparing (32) and (31), the error incurred will be of order
0(p?) = O(BDJ).

The significance of k in the ray theory is that the phase function is obtained from it by
integration, We now determine the error in the phase shift predicted by the ray theory
which is induced by the error in k. If one denotes the phase function of the transmitted
wave (29) by P(x) = S(x)/m — at, S can be shown to satisfy, [5],

S’ = k(x).

If one requires that S - Mx as x — — oo, this has the solution

S() = Mx 4 j [k(x) — Md’,

— o0
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which yields

mX

P(x) =MX — ot + (1/2)_[ y(x)dx + O(p).

— o

Comparing with (29), (30), the error in the phase shift predicted by the ray theory is of order
O(p).

PART C. THE THREE-DIMENSIONAL PROBLEM
C-1. Solution of the initial-value problem
In this part we consider y(x, z) as defined in Part A with the additional assumption that it

is of compact support. To obtain a solution of (12a-d) we utilize the Fourier transformation
with respect to X and Z:

Y&y, = (Zn)‘lr r WX, y, Z, e X gxdz.

- ®© —®©

The initial value problem (12a-d) then becomes

U0 =9,600=0, —-h=<y=0; (33a)
—EY + U, - =0, —-h<y=0; (33b)
Ve +99,=0, y=0; (33c)
¥, = d'5 — (¢gMajo) exp(—ic)G(mX, mZ)exp(iMX), y= —h. (33d)

From (33b),
Y&y, 1) = A, {, D cosh(py) + B(, ¢, 1) sinh(py), (34)

where p = (£ + (*). Substituting (34) into (33¢, d) and eliminating B one gets an ordinary
differential equation for A in the variable ¢:

A, + (gp tanh ph)A

= [—gFa’ + (eg*Mafc) exp(—iot)G(mX, mZ) exp(iMX))/cosh ph, t> 0. (35a)
From (33a) and (34) one deduces the initial conditions
A, 0, 0) = 4,,(,0) =0. (35b)
If one denotes k(&, {) = (gp tanh ph)#, the initial value problem (35a, b) has the solution

t -1 2 o
A(c,c,t){k Sl = O ¢ s ()
0 cosh ph

+ (eg*’Ma/o) exp(—iot)G(mX, mZ) exp(iMX)} dt'.
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We integrate by parts with the first term in brackets, using (1), to obtain

("2

ALY = __—g?—{k_1 sin[k(t — o)} + J cos[k(t — t’)]a(t’)dt'}

cosh ph 0

N (eg*M/[0)G(mX, mZ) exp(iMX) ('

k™t sin[k(t — t')] exp(—iota(t’)dt .
cosh ph 0

We now take a in (1) to be of the order of magnitude of the quantities that we have here-
tofore neglected and write
gyk ™' sin kt

A(éa C) t) = cosh ph

2 - t
| (g7 M/o)G(mX, mZ) exp(IMX) J k1 sin[k(t — )] exp(—iot)dr. (36)

cosh ph

o]

To evaluate the transform of a product which appears in (36), we make use of the con-
volution theorem in the form

an_g=f*g‘.

Thus

G(mX, mZ) exp(iMX)=(2n)‘3j J j J GmX', mZ"e X8 X' dz’

— = 00 — oo - ®©

: j j exp(iMX")e™ "¢~ TICTOZ gxr qaz derd

— o0 —

or letting x' = mX', 2z =mZ', ¢ =mv,{’ = mu, x" = mX’, 2/ = mZ", one has

G(mX, mZ) exp(iMX) = m”2(2n)“3f J J f G(x', 2'ye” ™ " dx' dz’

== 00 — 00y — 0 —

ac ac
. J‘ J\ eix”(v--<§/m+M/m)+iz"(u—{/m) dxudzu dvdu

— - ®©

Interchanging the order of integration and applying the Fourier integral theorem one fi-
nally obtains

GmX,mZ)exp(iMX) =

@ w
J J‘ G(X’, Zr)e—i[(C—M)/m]x'—i({/m)z’ dx/dzr

— oo

m*on

&M —1 C/M]

—®

B B
Here, the bar over G(x, z) denotes the transform with respect to x and z and the square
brackets contain the arguments of the transformed function.

=m"2G(x, z) [
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Inserting this into (36) and carrying out the ¢’ integral, one obtains

AL 1) = gk~ sin kt
P cosh ph
— M -1 (M
8g°G(x, 2) | ————, ——— ~igt ikt
+ b b e ¢
aB*M cosh ph o> —k* 2%k(c+k) 2k(c—k)

The surface pattern corresponding to the potential ¥ is then given by, [cf. (34)],

U(X, Z: t) = _g—lwt(Xa 0’ Z: t)

| S I e X kt ...
J‘ ’Y(m )COS el§X+1CZd€dC

T —wdJ-w coshph
M-1 M
G(x, z) é/—’ C_/___ i
18g ® ® ﬂ ﬂ oe iat
2nafPM |- ) cosh ph c* — k*
ikt —ikt

¢ _ ¢ X HZ ge gr.

200 +k) 20-—k)

We make the following change of coordinates
Eh=ucosp, (h=usin¢, X = Rcosf, Z= Rsinb.

Setting r = mR and T = (g/h)*t, one gets

1 [* [® ycos[(utanhu)*T] . _
R 0,1) = (R (k) cos(=8) ) 1, T
d ) 2nh? _[_,jo cosh u © ududg

| ) m[ucosd)/Mh—l , usin¢/Mh:|
B ze(g/h):J‘" © B B
2n6p?5% | _. Jo cosh u

{ (h/g)%o,e—itrt ei(u tanh u)*T

Mhtanh Mh — utanhu  2[(Mhtanh Mh)* + (utanh u)f]

e~ i(utanh u)*T

" 2[(Mhtanh MA)* — (utanh u)?]

} eiu(R/h) cos(¢p—8) udu dd)-

J. Harband

b

(37

Formula (37) is the surface shape corresponding to the solution of the initial-value problem

(12a-d).

C-11. Determination of the steady-state motion — Approximation for shallow water

One determines the steady-state wave motion by evaluating the limit of #(R, 8, t) in (37)
as T — o0. We note that the function (u tanh #)* is analytic in a neighborhood of the posi-
tive real axis. Moreover, on the real axis it is strictly increasing and one can apply the
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Riemann-Lebesgue lemma directly to the first integral in (37) to deduce that it is of order
O(T ') as T— oo for fixed R, 6.

In the second term of (37) we deform the path of u-integration below the singularity
u = Mh into, say, a semicircle and then bring the u-integral into the brackets. Integrating
on this deformed path, C, insures that the contributions of the second and third terms in
brackets go to zero for large T. In fact, one can return to a straight path through u = Mh
in the integral with the second term in brackets, and its contribution will be O(T ') by the
Riemann-Lebesgue lemma. As for the integral with the third term, it will be O(T ') on the
straight sections of C and of negative exponential order in T on the deformed section
below u = Mh since there Im[(u tanh u)*] < 0. Thus, as T — oo, one is left with the
steady-state term

» m ucos o/Mh — 1 , usin ¢/Mh
R 0 t) _ 186 10 T ﬁ ﬁ
1R, 0,8 = 27282 J_. )¢ Mhtanh(Mh) cosh u — usinh u

X eiu(R/h) cos(¢—6)udud¢'

We write this in the form
ige—-iat T W AT G(r’, 0/) eiu[rcos(q&—-ﬂ) ~r’ cos(¢p—8")]/Mhp
ﬂ(R, 0, t) = — A N2p2s2 _ - udud¢
2r)y*p<6* )¢ o J_r Mhtanh(Mh)coshu — usinh u
s O (38)

-n

We now assume (19a, b) as well as assuming that f is small. To evaluate (38) we first
consider the case:

rcos(¢p — ) —r'cos(¢p — 0") <O. (39a)

On the straight part of C the u integral will be O(MhB) = O(B6%) by the Riemann-Lebesgue
lemma. On the semicircle below ¥ = M#h one has Im(u) < 0. Now since 4 = M#A is close
to the endpoint u = 0 of the path C, [cf. (19a)], the semicircle will have at most radius
Mh. Hence the quantity u/Mh is O(1) on the semicircle. Therefore the » integral on the
semicircle will be of negative exponential order in 1/8. The contribution of the u integral
to 7 in the case (39a) is thus Of(se™* + ¢f6%)/D], which we neglect on account of (19a)
and the assumption that f is small.
Taking the case

rcos(¢p — 0) — r’ cos(¢p — 6") > 0, (39b)

the u integral will again be O(B6%) on the straight part of C. On the semicircle, however,
the u integral is no longer of negative exponential order in 1/ and in fact its limit as § — 0
is not clear. To remedy this we push the semicircle up through ¥ = Mh into a semicircle
running above it. On this upper semicircle one has Im (1) > 0 and the u integral will again
be of negative exponential order in 1/5. The dominant contribution is that due to the
residue at u = Mh and one gets in view of (6b), (7b),

—iot

nR,0,1) = —

o pn .4
J‘ j J‘ G(T', 9;) eiﬁ“[r cos(¢—8)—r’ cos(¢p —0')+r’ cos 9’]rr dar' do’ d¢
0 J—xmJ—x

(40)

4rD
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subject to (39b). Formula (40) gives the steady-state shallow-water surface shape corre-
sponding to the solution of the initial-value problem (12a-d).

C-II1. Asymptotic development of the steady-state motion for small bottom variation rate

We now obtain the asymptotic development of (40) as f§ tends to zero. We shall restrict
our investigation to those bottom configurations for which y,, exists and is continuous for
each x and z. OQur main tool will be the method of stationary phase applied to a double
integral [11]. For convenience we return to the rectangular coordinates

x' =r'cost, z =r'sin®, x=rcosb, z=rsinf;

then (39b) and (40) become

e—-iat o0 0 3r/2 o : o ,
n(Xn Z, t) — j J‘ J‘ G(x/zf)elﬂ [(x—=x")cos §+(z—2z')sin ¢+x]dx’dz’d¢,
4nD -4 = —-nf2
(41)
(x —x)cos¢ + (z—z)sing > 0. 42)

In (41) we have shifted the region of ¢ integration so that the stationary points will fall in
the interior of the region of integration, [cf. (43a, b)].

To obtain the asymptotic development of (41), (42), we apply the method of stationary
phase to the double ¢ — z’ integral, the variables x and x’ being considered as parameters.
The stationary points of the phase function

p(d,z')y =(x — x")cos ¢ + (z — z')sin¢p + x’
are given by the roots of the system
Py = —(x—x)sing + (z - zYcos¢p =0, p.= —sing =0,
subject to (42). One obtains the two stationary points:
=0, z=2z, x>x) (43a)
p=mn z=2, x<X) (43b)

These stationary points are both of first order since the expression |p,4p...r — pf,zrl equals
1 at each of them.

Following Chako [11] one uses a neutralizer function to show that the principal con-
tribution to (41) as § — O arises from small neighborhoods of the stationary points. More-
over, Chako has shown that the difference, R, between this principal contribution and
the actual contribution is of order O(B") where N is the order of differentiability of G(x', z')
with respect to z’. From the above assumption that y,, is continuous and from (11) one
has N = 2 and hence R = O(B?*). We henceforth neglect R since we are ultimately inter-
ested only in the leading term of the principal contribution which will be of order O(p).
The principal contribution of (41), (42) will appear as follows:

W(X: Zn t) = 771(X= Za t) + WZ(X’ Z, t):
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where 7, is the restriction of (41) to a small square ¢ — 2z’ neighborhood about (43a) and
11, 1s its restriction to a small square neighborhood about (43b).

The basic approach to the asymptotic evaluation of #;, #, is to reduce the double ¢ — 2’
integral to a sum of products of single integrals since for the latter the method of stationary
phase is well known. For this purpose we use Taylor’s theorem to write p(¢, z') in the
neighborhood of (43a) in the form

P, 2) =x+ (x' = )92 = (z = 2)¢ + (x — x)P* /4! + (2 — 2)¢*/3!

; <¢ % r -2 61) PG,z + 2z — D)S! (44)

where 0 < £ < 1. Here, the derivatives of p are assumed taken before & is substituted.
We eliminate the cross product in the quadratic terms of p by introducing the affine
transformation

¢ =ucosa —vsina, 2z —z=usina+ vcosq, 45)
where o depends on x — x’ and is given by
cot 2o = (x — x')/2.

From (43a) one has x > x’ hence 0 < « < #/4 and moreover « — 0, as x’ » —oo. Under
this transformation the phase function (44) becomes

p(u, ) = x — u?(cota)/2 + v*(tan «)/2 + H,(u, v) + Ry(u, v), (46)

where H, is a homogeneous polynomial in « and v of degree 4:
4
H4(u’ D) = Z anmunvms (47)
n=0

where the a,, depend on x — x’ and

i, d \s
R, (u,v) = (u—- + v ~) q(u, v)/5!, : (48)
du v

where g(u, v) is continuous in u and v together with its fifth derivatives.
In addition, we use the mean value theorem to write G(x', z’) near z’ = z in the form

G(x', 7)) = G(x', 2) + G.(x', (2N’ — 2), (49)

where z < {(z') < z’ when z’ > z and similarly for z’ < z. Expressing z’ in terms of u and
v according to (45), we write z' = 2'(u, v) and G(x', z) = G(x', u, v,) and (49) becomes

G(x',u,v) = G(x', 2) + G(x', {[z'(u, v)])(usin & + v cos ). (50)

We substitute the expressions (46) and (50) for p and G into #,, where the double u, v
integral is taken over a small square neighborhood, N,, of the origin of side 2b. We do not
include the neutralizer function explicitly since it has no effect on the final asymptotic ex-
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pression:
ei(MIL’—-::rt) 2]
111(X, Z, t) - _ - G(xl’ Z) elﬁ_1[—(u2/2)cota+(02/2)tan¢+H4+R4]dudvdx/
4nD —w
Np
o0
+ J Jsz,(x’, L[z’ (u, v)D(u sin o + v cos a)
— .
'eiﬂ—1[—(u2/2)cota+(u2/2)tana+H4+R4]dudvdx,} (51)

We again use the mean-value theorem to write the exponential function which appears in
the integrand in the form

eiﬂ"1[-—(u2/2)cola+(vZ/2)tana+H4+R4] — eiﬂ‘1[—-(u2/2)cota+(02/2)tana]
(L + ifTY(H, + Ry TR

where 0 < @ < 1. Inserting this in (51) one obtains after rearranging

Cei(MX—at) o b b
X, Z, = - —— H G(x', z)J g~ 2 cota g, J el TR ena gy g
4nD b b

-0

W
+ j JJ G (x', {[z'(u, v))(usin & + v cos a)e!? ™' T- WD eotar XD tanal gy, g, gyt
- 00
No

®
+ iﬁ—l J G(X’, Z)J'V[(H4 + R4)eiﬁ"1[—(u2/2)cota+(92/2)tan 1+6(H4+R4)]dudvdx,
®

Np

+ g1 JW J\J‘Gz,(x’, O(usina + veoso)(Hy + Ry)

— o0

Ny

.eiﬂ‘ 1f —(u2/2) cot a+(v2/2) tan a+ﬂ(H4+R4)]du dv dxl}

CiMX—00)

- W[Il +12 +I3 +I4]-

We now evaluate asymptotically, as § — 0, each of the integrals I;, We show that I yields
the dominant contribution, of order O(B), and that I,, I; and I, are each of order 0B,
at least.

In I, welet
s = u(cota)®, t=v(tan)?, (52)
obtaining
[e's) s(b) . t(b) .
I, =J G(x’,z)J‘ e_'”_lszlzdsj eI ey
—® s(—b) t(~b)
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A direct application of the method of stationary phase to each of the s and ¢ integrals
yields, since x > x' for stationary point (43a),

I, = ZnBj G(x', z)dx', B —0.
In I, we use (52) and bring in the s and t integrals to obtain

®  sing ([*® s [T®) N
I, = J ﬁf s ”J G(x', L2/ (s, D) dsdtdx’
—» (cota)* s(—b) #(~b)

©  cosa [® @ .
+J - e #s ”j G, (x', L[Z/ (s, ODte 12 dsdtdx’
—w (tanaw)® Jy -t

=J1+J2.

In J, we first apply stationary phase to the t-integral

x . 's(b)

4 Lin Sin ’ —if 152 ’

Ji, = (2np)*e ’4J oot Z)% j G,(x', [[z'(s, O)Dse ™ * 7 12gsdx’, B — 0.
- s(-b)

Now we integrate by parts in the s-integral. The boundary terms drop out due to the
neutralizer:

— w0

x .2 s(b)
J, =(2n)%iﬁ%e“"4f w aj Gy, LL2(s, ODLZ G5, O)] ™2 dis ',

cotar fo—py

Now the integrand of the s-integral is continuous in the region of s-integration under our
assumption that G,... is continuous there. To see this one differentiates (49) with respect
to z’, obtaining

G (x',2') = G.(x, {(z)

z —z

G (X, {ENC () =

, 7=l
= Gz’z'(x > x) ; ’
z — zZ

where z < { < y < 2z’ for z’ > z and similarly for z’ < z. This function in continuous in
z’ in a neighborhood of z and since z’ is a continuous function of s, the result follows.
Since the integrand is continuous one can apply the method of stationary phase to the s
integral and the main contribution will arise from the stationary point. We obtain

* sin®a

cot o

J; = Zm'ﬂzf G, (X', 2)'(z)dx’, B —0.

—a@
Here we have written

Goo(x', 2)0'(2) = lim G,..(¥', L)) ('),

z'=z
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where the limit exists by the above argument. Siniilarly

* costa

tan

Gz‘z’(x,:v 2){'(2)dx’, B—0.

— o0

J, = —2niﬁ2J

The x’ integral in J, is convergent even though tan « — 0 as x’ — — oo since we have as-
sumed that G is of compact support. Thus I, = O(B?).

We now show that I, and I, are also at least of order O(8%). To do this we simply let
u = UB* and v = VB?* and note from (47) that H, is a homogeneous polynomial in « and
v of degree four and from (48) that R, consists of terms that are homogeneous in # and »
of degree five except that each is multiplied by a continuous function of # and v. Then
taking b = f%,

I = iBZJ G(x', Z)“'[H:;(U, V) + BES4(U, V)]

Ni

. ei[ —(U2{2)cota+(V2/2)tana+ BO(H4(U, V) + B*Sa(U, V)] dU dV dx'

= 0(B?).

Here S,(U, V) = B~R(UBE, VB¥) is of order unity. Similarly I, = O(B%).
Therefore, the dominant contribution to #, arises from I; and (51) becomes

mX
mX, Z,1) = —Cﬁ(zD)"le“”X'”’f G(x', 2)dx’ + O(?),
or, from (11),

mX

n(X, 2, 1) = —Cﬂ(2D)—1ei‘MX_”')J y(x', 2)dx’ + O(B*).

-

The asymptotic evaluation of #,, that is, the principal contribution of (43b), proceeds
along quite similar lines. The major difference in the result is the presence of the factor
e?*/# in each x’ integral. This has the effect of raising the order of magnitude of each
term by one due to the Riemann-Lebesgue lemma. The leading term is

o]

ﬂz(X, Z, t) — _Cﬁ(zD)—le—i(MX+at)J G(X', Z)CZix'/ﬂdx/ + 0(ﬁ3)

mX
= 0(8%).
Hence the dominant contribution, of order O(B), to (41) arises from the stationary point
(43a). Thus (41) becomes as § — 0

mX

n(X, Z,f) = —CpQ2D)~1eM¥~9 f y(x', mZ)dx' + O(B?).

— 0

This is the steady surface shape corresponding to the solution of the initial-value problem
(12a-d). The real form of the steady-state surface shape corresponding to the solution of
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(2a—c), (5a, b) is, using (4b), (9),
mX
—-(X, Z,1)|C = sin(MX — ot) + ([3/2)J v(x', mZ)dx' cos(MX — at) + O(B?).

- (53)

Neglecting O(8%), the formula (53) gives the dependence of the wave phase on the bottom
topography. In fact, bringing it into the form

-n(X, Z, H)/C = amX, mZ)sin[MX — ot + p(mX, mZ)],

the function p represents the phase shift in the wave from — oo to X. To first order in f it
is given by
mX

pmX, mZ) = (/3/2)J y(x', mZ)dx'.

The wave crests will be located on X — Z curves satisfying

mX
MX-X_,)+ (ﬁ/Z)J yx', mZydx' = 0,

—

where X, is the abscissa of the wave crest for large |Z|. For crests that have completely
passed over the non-flat part of the bottom, i.e., the support of y, one has

eo]

M(X — X))+ (/3/2)[ W&, mZydx' =0, X, > 0.

— 0

Hence the deviation of the crest, for any Z, is proportional to the area under y = y(x’, mZ),
—o0 < x" < 0. Thus the shape of the wave crest gives an indication of the bottom con-
figuration: they will be retarded on passing over a region of shallow water, y > 0, and will
advance over a region of deep water, y < 0.
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